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Abstract
In this paper we will study the condition on dimension n under which there exist closed n-manifolds N , P (possibly N = P )
and a homotopy equivalence N → P which is not homotopic to any C∞ stable map and to any map of finite codimension by
combining the surgery theory and the nonexistence result for general maps which are C∞ stable or of finite codimension.
© 2006 Elsevier B.V. All rights reserved.
MSC: 57R45; 58K30; 57R67
Keywords: Singularity; Stable; Finite codimension; Homotopy equivalence
0. Introduction
Let N and P be smooth (C∞) manifolds of dimension n and p respectively. Mather [14] has determined what is
called the nice range of the dimension pair (n,p) where C∞ stable maps are dense in C∞(N,P ). On the other hand,
there have appeared since then nonexistence results for C∞ stable maps and maps of finite codimension outside the
Mather’s nice range. In particular, those nonexistence conditions have been studied in [7, Chapter VI, §6], [18,2] for
C∞ stable maps, in [9] for maps of bounded codimension and in [19] for maps of finite codimension. In this paper we
will study conditions for the nonexistence of those homotopy equivalences between closed oriented n-manifolds.
We have described in [1] the cobordism group of homotopy equivalences of degree 1 between closed oriented
manifolds in terms of the bordism group Ωn(G/O) (see Section 3) by applying the surgery theory due to [10,5] and
the Sullivan’s exact sequence due to [23]. By combining nonexistence condition for C∞ stable maps and maps of
finite codimension and a result in [1] we will prove the following theorem.
Theorem 0.1. Let k and i be given natural numbers. Then there exist two closed oriented smooth 4k-manifolds N , P
and a homotopy equivalence f :N → P of degree 1 such that
(i) if 4i3 − 2i2  4k  4i2, then f is not homotopic to any C∞ stable map,
(ii) if 4i3 − 2i2  4k > 4i2, then f is not homotopic to any map of finite codimension.
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Theorem 0.2. Let k and i be given natural numbers. If 4i3 −2i2  8k  8i2, then there exist a closed oriented smooth
8k-manifold P and a homotopy equivalence P → P of degree 1 which is not homotopic to any C∞ stable map nor
to any map of finite codimension.
The lowest numbers of k and i are equal to (8k,2i) = (72,6).
The theorems imply that homotopy equivalences can have very complicated singularities. For two homotopy equiv-
alent manifolds N and P , it may be possible to estimate how N differs from P by the ‘complexity’ of singularities of
homotopy equivalences N → P .
In Section 1 we will review the nonexistence conditions for C∞ stable maps and maps of finite codimension.
In Section 2 we will review the Sullivan’ exact sequence in the surgery theory. In Section 3 we will interpret the
cobordism group of homotopy equivalences of degree 1 between closed oriented 4k-manifolds by the bordism group
Ω4k(G/O) and the surgery obstruction. We will prove Theorems 0.1 and 0.2 in Section 4.
1. Nonexistence conditions
In this paper manifolds always refer to smooth (C∞) manifolds and maps basically refer to continuous maps.
Let J∞(N,P ) denote the jet space of manifolds N and P with projections πN and πP mapping a jet to its source
and target respectively. Then πN × πP :J∞(N,P ) → N × P induces the structure of a fiber bundle. Let J∞x,y(N,P )
denote the fiber of πN ×πP over (x, y) ∈ N×P . Let J∞(n,p) denote J∞0,0(Rn,Rp), where 0 refers to the origin of Rm
for any natural number m. Let Σj(n,p) (respectively Σj(N,P )) denote the submanifold of J∞(n,p) (respectively
J∞(N,P )) which consists of all jets with kernel rank j (see [4,11]).
We first recall several results for C∞ stable maps and maps of finite codimension (we use the terminologies in
[12–14]). For a smooth map f :N → P we set
δf = dimR
{
θ(f )/tf
(
θ(N)
)+wf (θ(P ))}.
If δf = 0, then we say that f is C∞stable. If δf < ∞, then we say that f is of finite codimension. Let Uns(n,p)
denote the subset of J∞(n,p) which consists of all C∞ nonstable jets z, namely
dimR
{
θ(z∧)/tz∧
(
θ(id(Rn,0))
)+wz∧(θ(id(Rp,0)))}> 0.
Here, z∧ : (Rn,0) → (Rp,0) refers to a germ which represents z. Let Und(n,p) denote the subset of all jets z in
J∞(n,p) which are not finitely determined (namely, z∧ is not equivalent to a germ of a polynomial map). Let
Uns(N,P ) and Und(N,P ) denote the subbundle of J∞(N,P ) associated to Uns(n,p) and Und(n,p) respectively.
Let a smooth map f :N → P be given. If j∞f (N)∩ Uns(N,P ) = ∅ (respectively j∞f (N)∩ Und(N,P ) = ∅), then
f is not C∞ stable (respectively a map of finite codimension).
We recall the following results concerning Uns(n,p) in [2, Corollary 7.6] and Und(n,p) in [19, (2.2) Proposition
and (2.4) Corollary]. In what follows we restrict our attention to the case where n = p and N and P are oriented. For
a subspace S in a space X, Cl(S) refers to the topological closure of S in X.
Proposition 1.1. (Ando [2]) Let n be a natural number. If there exists a natural number i such that i3 − i2  2n 2i2,
then we have that Cl(Σi(n,n)) ⊂ Uns(n,n).
Proposition 1.2. (du Plessis [19]) Let n and i be natural numbers with n i. If there exist a natural number j such
that i2 = n− j and 2j  i3 − 3i2, then Σi(n,n) is a submanifold of J (n,n) for  2 of modality at least j + 1 and
Cl(Σi(n,n)) ⊂ Und(n,n).
Let us recall the Thom polynomial for Σj(N,P ) [24,20]. Let ξ be a vector bundle over a space X and let pj (ξ) ∈
H 4j (X;Z) be the j th Pontrjagin class of ξ . Let f :N → P be a continuous map. Let f ′ be an approximation of f such
that j∞f ′ is transverse to all Σj(N,P ). Then Sj (f ′) = (j∞f ′)−1(Σj (N,P )) is a submanifold of N . It is known
that if n = p, then Sj (f ′) is oriented and the topological closure Cl(Sj (f ′)) yields the fundamental class [Sj (f ′)]
in Hn−j2(N;Z) ([21] and [2, Proposition 4.1]). Furthermore, its Poincaré dual does not depend on the choice of
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c(Σj , τN − f ∗(τP )) in this paper. From the definition of Thom polynomials it follows that if c(Σj , τN − f ∗(τP ))
does not vanish, then Sj (f ) is not empty.
It is known that c(Σ2i , τN − f ∗(τP )) is equal modulo 2-torsion to the determinant of the i × i matrix whose (s, t)
component is the Pontrjagin class pi+s−t (τN − f ∗(τP )) ([21] and [2, Proposition 5.4]). The following proposition
follows from Propositions 1.1 and 1.2.
Proposition 1.3. Let N and P be closed oriented n-manifolds. Let f :N → P be a continuous map. Suppose that
there exists a natural number i such that c(Σ2i , τN − f ∗(τP )) does not vanish. Then we have that
(i) if 4i3 − 2i2  n 4i2, then f is not homotopic to any C∞ stable map,
(ii) if 4i3 − 2i2  n > 4i2, then f is not homotopic to any map of finite codimension.
In order to prove Theorems 0.1 and 0.2 it remains to find two homotopy equivalent manifolds N , P (possibly
N = P ) of dimension 4k or 8k and a homotopy equivalence f :N → P for which there exists a natural number i
satisfying the conditions in Proposition 1.3.
2. Surgery theory
In this section we review what is called the Sullivan’s exact sequence [23] in the surgery theory following [15] (see
also [10,5]).
Let O(k) denote the rotation group of Rk and let Gk denote the space of all homotopy equivalence of the (k − 1)-
sphere Sk−1 equipped with the compact-open topology. The canonical inclusion Rk = Rk × 0 → Rk+1 induces the
canonical inclusions O(k) → O(k + 1) and Gk → Gk+1. We set O = limk→∞ O(k) and G = limk→∞ Gk . Let BO
and BG denote the classifying spaces for O and G. Then the canonical inclusion O → G induces a map π : BO → BG.
Regarding π : BO → BG as a fibration, we let G/O denote its fiber. Let  be a sufficiently large number. Let ηO()
denote the universal vector bundle over BO(). Let iG/O :G()/O() → BO() be the inclusion of a fiber and set
ηG/O = (iG/O)∗ηO(). Then ηG/O has a trivialization tG/O :ηG/O → εG()/O() as a spherical fibration.
Let P be a simply connected, closed and oriented n-manifold. We define the set S(P ) to be the set of all equivalence
classes of homotopy equivalences h :N → P of degree 1 under the following equivalence relation. Let Nj be closed
oriented n-manifolds and let hj :Nj → P be homotopy equivalences of degree 1 (j = 1,2). We say that h1 and h2
are equivalent if there exists an h-cobordism W of N1 and N2 and a homotopy equivalence H : (W,N1 ∪ (−N2)) →
(P × [0,1],P × 0 ∪ (−P)× 1) of degree 1 such that H |Nj = hj (j = 1,2). The equivalence class of h is denoted by
[h :N → P ].
Let us recall the map jP :S(P ) → [P,G/O]introduced in [23] (see [15, p. 41]). We denote the stable tangent
bundle of a manifold X by τX . Given an embedding of a manifold X in Sn+ for a large number , we denote, by
νX , the stable normal bundle of X associated to this embedding. Then we have the induced trivialization of τX ⊕ νX .
A normal map of degree 1 for P is defined to be a pair (f, b), where f :N → P is a map of degree 1 and b is
a bundle map (this is not necessarily orientation preserving) of νN to a some vector bundle ξ over P covering f
[15, Definition 2.11]. Two normal maps (fj , bj ) of degree 1 for P with fj :Nj → P and bj :νNj → ξj (j = 1,2)
are normally cobordant when there exist an oriented (n + 1)-manifold W with ∂W = N1 ∪ (−N2), a bundle map
B :νW → ξ1 × [0,1] covering a map F : (W,∂W) → (P × [0,1],P × 0 ∪ (−P) × 1) of degree 1 and a bundle map
a : ξ2 → ξ1 such that (i) νW |Nj = νNj , (ii) F |Nj = fj and (iii) B|N1 = b1 as a bundle map to ξ1 and B|N2 = a ◦ b2 as
a bundle map to ξ2.
Let NMO(P ) denote the set of all normal cobordism classes [f,b] of normal maps (f, b) of degree 1 for P . An
equivalence class of an element “∗” is denoted by [∗].
Let S(ξ) and D(ξ) denote the associated sphere bundle and disk bundle of an  dimensional vector bundle ξ over P
with metric respectively. The arguments in what follows do not depend on the choice of metrics of ξ . A G/O-bundle
on P is a pair (η,h), where η is a stable vector bundle over P and h :S(η) → S(εP ) is a fiber homotopy equivalence,
which refers to a fiber map giving a homotopy equivalence (the conewise extension η → εP , denoted by the same
letter h, is also called a fiber homotopy equivalence). Two G/O-bundles (ηj , hj ) on P (j = 1,2) are equivalent if
there exists a G/O-bundle (η,h) on P × [0,1], where η is a vector bundle over P × [0,1] and h :η → ε isP×[0,1]
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classes of G/O-bundles on P . Let cP : [P,G/O] → SG/O(P ) be the map defined by sending [α] ∈ [P,G()/O()]
(= [P,G/O]) to [(α)∗ηG/O, (α)∗tG/O ]. It follows from [22] that cP is a bijection.
There exist a bijection nP :SG/O(P ) → NMO(P ) defined as follows [15, Theorem 2.23]. For [η,h] ∈ SG/O(P ),
deform h :η → εP to a map h′ transverse to P × 0 keeping η\D(η). Let πη :η → P be the projection and set N =
(h′)−1(P × 0). Then h′|N :N → P is of degree 1 and is canonically homotopic to πη|N . There exists a trivialization
of the normal bundle ζN of N in D(η), say tζ : ζN → εP covering h′|N , which is induced from the transversality of h′
to P × 0. Note that the tangent bundle of the total space of η ⊕ (−η) ⊕ νP has a canonical trivialization. Hence, the
normal bundle ζN ⊕ (πη|N)∗((−η) ⊕ νP ) of N in the total space of η ⊕ (−η) ⊕ νP is regarded as νN of dimension
dimνP + 2. Then we have a normal map νN = ζN ⊕ (πη|N)∗((−η)⊕ νP ) → εP ⊕ (−η)⊕ νP . In what follows this
normal map is simply written as b :νN → (−η) ⊕ νP covering πη|N . Then we set nP ([η,h]) = [πη|N,b]. Here, we
note that
τN = (πη|N)∗(η ⊕ τP ). (2.1)
Let f :N → P be a homotopy equivalence of degree 1 and f−1 be its homotopy inverse. Set ξ = (f−1)∗(νN) and
let b :νN → ξ be the natural bundle map covering f . Then, [f,b] is a well defined cobordism class of a normal map
of degree 1 for P . Then we define jP :S(P ) → [P,G/O] by
jP
([f :N → P ])= c−1P ◦ n−1P ([f,b]).
We next recall the surgery obstruction sP4k : [P,G/O] → Z only in the case of n = 4k. Let [α] ∈ [P,G/O] for
which c−1P ([α]) is represented by a G/O-bundle (η,h) on P . We deform h to a map transverse to P × 0 and let N
be the inverse image of P × 0 with πη|N :N → P as above. We define sP4k([α]) = (1/8)(σ (N) − σ(P )) ([5] and
[15, 4.1]). Here, we remark that the subgroup bP4k+1 of 4k-homotopy spheres which bound (4k + 1)-parallelizable
manifolds vanishes [10]. Then we have the following exact sequence, where jP is not a monomorphism but an
injection ([23] and [15, Remark 2.21]).
0 → S(P ) j
P
−−−−→ [P,G/O] s
P
4k−−−−→ Z. (2.2)
3. Cobordisms of homotopy equivalences
A normal map (f, b) of degree 1 for P is called simply a normal map (f, b) of degree 1 when we do not spec-
ify P . Let NMO denote the set of all equivalence classes of all normal maps (f, b) of degree 1 under the following
equivalence relation. Two normal maps (fj , bj ) of degree 1 with bj :νNj → ξPj covering fj :Nj → Pj (j = 1,2)
are normally cobordant when there exist an oriented (n + 1)-manifolds W and V with ∂W = N1 ∪ (−N2) and
∂V = P1 ∪ (−P2), a map F : (W,N1 ∪ (−N2)) → (V ,P1 ∪ (−P2)) of degree 1 and a bundle map B :νW → ξV
covering F such that
(i) νW |Nj = νNj and ξV |Pj = ξPj ,
(ii) F |Nj = fj as a map to Pj and B|Nj = bj as a bundle map to ξPj .
We denote the bordism group of maps of closed oriented n-manifolds to G/O by Ωn(G/O) (see [6]). We de-
fine the map n :Ωn(G/O) → NMO as follows. Let [α] ∈ Ωn(G/O) be represented by α :P → G/O . Then we set
n([α]) = nP ◦ cP ([α]), where [α] ∈ [P,G/O]. The proof of the following proposition is quite analogous to that of
[15, Theorem 2.23]. However, we should prove it for completeness.
Proposition 3.1. The map n :Ωn(G/O) → NMO is a well defined isomorphism.
Proof. We first show that n is well defined. Let αV :V → G/O be a cobordism of αj :Pj → G/O (j = 1,2) with
∂V = P1 ∪ (−P2) and αV |Pj = αj . Set ηV = α∗V (ηG/O) with projection πηV :ηV → V and dimηG/O = . Then
we have a fiber homotopy equivalence tαV :ηV → εV . Now deform tαV keeping tαV |(ηV \D(ηV )) to a map which is
smooth around (tαV )−1(V × 0) and is transverse to V × 0. We denote it by the same letter tαV . Set W = t−1α (V × 0)V
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that πηV |W : (W,N1 ∪ (−N2)) → (V ,P1 ∪ (−P2)) is of degree 1. There exists a normal map B :νW → (−ηV ) ⊕ νV
covering πηV |W , which gives a normal cobordism of n([α1]) and n([α2]). It follows from [15, Theorem 2.23] that n is
surjective. We next show that n is injective. Let n([α1]) = n([α2]), where αj :Pj → G/O . Suppose that cPj ([αj ]) is
represented by (ηj , hj ). Then n([αj ]) is represented by (πηj |Nj ,bj ), where bj :νNj → (−ηj )⊕νPj and there exists a
normal cobordism (F,B) where B :νW → ξV is a normal map covering F : (W,N1 ∪(−N2)) → (V ,P1 ∪(−P2)) such
that (i) ∂W = N1 ∪ (−N2) and ∂V = P1 ∪ (−P2), (ii) νW |Nj = νNj and ξV |Pj = (−ηj )⊕νPj and (iii) F |Nj = πηj |Nj
and B|Nj = bj . Set ξj = (−ηj ) ⊕ νPj and ηV = (−ξV ) ⊕ νV . We note that ηj = (−ξj ) ⊕ νPj . Let F ′ :W → ηV be
an embedding which is an approximation of F :W → V ⊂ ηV such that F ′|Nj is the inclusion of Nj into ηj . The
normal bundle κ of F ′(W) in the total space of ηV has a canonical trivialization κ → εW . By the Pontrjagin–Thom
construction we have the map
μ :D(ηV )/S(ηV ) → D(κ)/S(κ) → (W+)∧ S → S,
where the last map is induced by collapsing W to a point. Let jS :S → D(ηV )/S(ηV ) be the map induced from the
inclusion of a fiber and let πηV :ηV → V be the projection. Then we have that (jS)∗ ◦μ∗([S])∩[S] = 1. Identifying
S(ηV ⊕ ε1V )/V = D(ηV )/S(ηV ) we have the map kV :S(ηV ⊕ ε1V ) → D(ηV )/S(ηV ) collapsing V . Then the map
πηV ⊕ε1V ×
(
μ ◦ kV ) : (S(ηV ⊕ ε1V ), S(ηV |P1 ⊕ ε1P1), S(ηV |P2 ⊕ ε1P21))→ (V × S,P1 × S,P2 × S)
is a homotopy equivalence. This gives a cobordism V → G/O of α1 and α2. 
Let Nj and Pj be oriented closed n-manifolds and let hj :Nj → Pj be homotopy equivalences of degree 1
(j = 1,2). We say that h1 and h2 are cobordant if there exists an oriented (n + 1)-manifold W , V and a homotopy
equivalence H : (W,∂W) → (V , ∂V ) of degree 1 such that ∂W = N1 ∪ (−N2), ∂V = P1 ∪ (−P2) and H |Nj = hj .
The cobordism class of h :N → P is denoted by [h :N → P ]. Even if P1 is not simply connected, we can easily
find h2 :N2 → P2 with P2 being simply connected in the same cobordism class by killing π1(N1) ≈ π1(P1) by usual
surgery. If we define the cobordism group Ωh−eqn to be the set which consists of all cobordism classes of homotopy
equivalences of degree 1 by setting
• [h1 :N1 → P1] + [h2 :N2 → P2] = [h1 ∪ h2 :N1 ∪N2 → P1 ∪ P2],
• −[h :N → P ] = [h : (−N) → (−P)].
The null element is defined to be [h :N → P ] which bound a homotopy equivalence H : (W,∂W) → (V , ∂V ) of
degree 1 such that ∂W = N , ∂V = P and H |N = h.
Let us define the homomorphisms
j4k :Ωh−eq4k → Ω4k(G/O) and s4k :Ω4k(G/O) → Z
by j4k([h :N → P ]) = jP ([h :N → P ]) and s4k([α]) = sP4k([α]) for [α] ∈ [P,G/O] respectively. Then the following
theorem is a consequence of (2.2) and Proposition 3.1. This theorem is stated in [1] with a very brief proof.
Theorem 3.2. Let k > 1. Then we have the exact sequence
0 → Ωh−eq4k
j4k−−−−→ Ω4k(G/O) s4k−−−−→ Z → 0.
By [6, Chapter I, 12] we have the isomorphism
Ω4k(G/O) → π4k+
(
(G/O)+ ∧ MSO()) (3.1)
for  n+ 2, where (G/O)+ denotes the disjoint union of G/O and a point. Let
h4k :Ω4k(G/O) → H4k(G/O × BSO;Q)
denote the composite of the isomorphism in (3.1), the Hurewicz homomorphism
π4k+
(
(G/O)+ ∧ MSO())→ H4k+((G/O)+ ∧ MSO();Z)
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(
(G/O)+ ∧ MSO();Z)→ H4k(G/O × BSO;Q).
It follows from [16, Theorem 18.3] that h4k is an isomorphism modulo torsion. Let cP :P → BSO denote a classifying
map of the stable tangent bundle τP of P . For an element [α] ∈ Ω4k(G/O), we have
h4k
([α])= (α × cP )∗([P ]),
where α × cP :P → G/O × BSO. In what follows we always identify as follows
H 4k(G/O × BSO;Q) ≈
k∑
j=0
H 4j (G/O;Q)⊗H 4k−4j (BSO;Q).
Let I = j1, . . . , js be an unordered partition of a nonnegative integer j , namely j1 + · · · + js = j (= deg I ) and
j1 > 0, . . . , js > 0. Let pI (ξ) denote pj1(ξ) · · ·pjs (ξ) in H 4j (X;Z). If deg I = 0, then PI (ξ) = 1. Let p∗I (ξ) denote
the dual class in H4j (X;Q) of pI (ξ), which is considered under the coefficient Q. Let p(ξ) denote the total Pontrjagin
class 1+p1(ξ)+· · ·+pj (ξ)+· · ·. Let us recall the multiplicative sequence {Lk(p1, . . . , pk)} associated to the power
series
√
t/ tanh
√
t . The signature σ(N) of closed oriented 4k-manifold is equal to the L-genus L[N ]. In this paper
we write Lk(p) for Lk(p1, . . . , pk) and L(p) for L.
Let pj = pj (ηO()) and pj = pj (ηG/O) for   j . Since p(ηG/O × ηO()) = p(ηG/O) ⊗ p(ηO()), we have
L(p(ηG/O × ηO())) = L(p)⊗L(p). Hence, we have
Lk
(
p(ηG/O × ηO())
)=
k∑
j=0
Lj (p)⊗Lk−j (p), (3.2)
which is a polynomial of degree 4k with variables pj and pj (see [8,16]). Let Δ :P → P × P be the diagonal map
and let Δ∗([P ]) = 1 ⊗ [P ] +∑degxs>0 xs ⊗ yt , where Δ∗ :H∗(P ;Q) → H∗(P ;Q) ⊗ H∗(P ;Q). For α :P → G/O ,
let cP ([α]) and nP ◦ cP ([α]) be represented by (η,h) and (πη|N,b) respectively. Then we have by the definition of
s4k and (2.1) that
8s4k
([α])= σ(N)− σ(P )
= L(p((πη|N)∗(η ⊕ τP )))[N ] −L(p)[P ]
= Lk
(
p
(
(α × cP )∗(ηG/O × ηO())
))∩ [P ] −L(p)[P ]
= Lk
(
p(ηG/O × ηO())
)∩ (α × cP )∗[P ] −L(p)[P ]
=
k∑
j=1
Lj(p)⊗Lk−j (p)∩
( ∑
degxs>0
(α∗xs)⊗ (cP )∗yt
)
+ 1 ⊗Lk(p)∩ 1 ⊗ [P ] −L(p)[P ]
=
k∑
j=1
Lj(p)⊗Lk−j (p)∩
(
(α × cP )∗
([P ])).
So we set
L4k(p,p) =
k∑
j=1
Lj (p)⊗Lk−j (p), (3.3)
which is equal to
∑k
j=0 Lj (p) ⊗ Lk−j (p) − 1 ⊗ Lk(p). We canonically regard L4k(p,p) as an element of
Hom(H4k(G/O × BSO;Q),Q). Then L4k(p,p) induces the homomorphism h(L4k) :Ω4k(G/O) → Q defined by
h(L4k)([α]) = L4k(p,p)∩ (h4k([α])). We have the following lemma.
Lemma 3.3. Let [α] ∈ Ω4k(G/O). Then we have
s4k
([α])= 1
8
h(L4k)
([α])= 1
8
L4k(p,p)∩
(
h4k
([α])).
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pi . . . p1
...
. . .
...
p2i−1 . . . pi
∣∣∣∣∣∣ (3.4)
whose (s, t) component is the Pontrjagin class pi+(s−t). Then it induces the homomorphism C(Σ2i ) :Ω4k(G/O) →
H4k−4i2(G/O;Q) defined by
C(Σ2i)([α])= c(Σ2i , ηG/O)∩ (α)∗([P ])
= c(Σ2i , ηG/O)⊗ 1 ∩ (α × cP )∗([P ]),
under the identification
H4k−4i2(G/O;Q) = H4k−4i2(G/O;Q)⊗ 1
in
∑k−i2
j=0 H4j (G/O;Q)⊗H4k−4i2−4j (BSO;Q). This is linear. Indeed, let αj :Pj → G/O (j = 1,2) and α = mα1 +
m′α2, where m, m′ ∈ Z. Then we have (α × cP )∗([P ]) = m(α1 × cP1)∗([P1])+m′(α2 × cP2)∗([P2]).
Lemma 3.4. Let [f :N → P ] be an element of Ωh−eq . Then we have
C(Σ2i)(j4k([f :N → P ]))= c(Σ2i , τN − f ∗(τP ))∩ [N ].
Proof. Since τN = (α ◦ f )∗(ηG/O)⊕ f ∗(τP ) by (2.1), we have
c
(
Σ2i , τN − f ∗(τP )
)∩ [N ] = (α ◦ f )∗(c(Σ2i , ηG/O))∩ [N ]
= c(Σ2i , ηG/O)∩ (α ◦ f )∗([N ])
= c(Σ2i , ηG/O)∩ (α)∗([P ])
= C(Σ2i)(j4k([f :N → P ])). 
We define the epimorphism
k4k :Ωh−eq4k → Ker(s4k)/
(
Ker s4k ∩ KerC
(
Σ2i
)) (3.5)
to be the composite of j4k and the natural projection of Ker(s4k) onto the target in (3.5).
4. Proofs of Theorems 0.1 and 0.2
In this section we prove Theorems 0.1 and 0.2. We actually prove the following theorem instead of Theorem 0.1.
Theorem 4.1. Let k and i be given natural numbers with k  i. Then
dim Ker(s4k)/
(
Ker s4k ∩ KerC
(
Σ2i
))⊗Q = dimH4k−4i2(BSO;Q)
and for any cobordism class [f :N → P ] ∈ Ωh−eq4k with k4k([f :N → P ]) = 0, we have that
(i) if 4i3 − 2i2  4k  4i2, then f is not cobordant in Ωh−eq4k to any C∞ stable homotopy equivalence of degree 1,
(ii) if 4i3 −2i2  4k > 4i2, then f is not cobordant in Ωh−eq4k to any homotopy equivalence of finite codimension and
of degree 1.
Proof. Let 4k  16 (respectively 4k  20). Then there exists a natural number i such that 4i3 − 2i2  4k  4i2
(respectively 4i3 − 2i2  4k > 4i2). It follows from Theorem 3.2 that Ωh−eq4k ⊗Q is isomorphic to Ker(s4k)⊗Q with
dimension dimH4k(G/O × BSO;Q)− 1. We show that (Ker(s4k)+ KerC(Σ2i ))⊗Q = Ω4k(G/O)⊗Q. Suppose to
the contrary that KerC(Σ2i )/{torsion} ⊂ Ker(s4k)/{torsion}, which follows from
dim Ker(s4k)⊗Q = dimΩ4k(G/O)⊗Q− 1 = dimH4k(G/O × BSO;Q)− 1.
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impossible by comparing the expressions of c(Σ2i , ηG/O) and L4k(p,p) as polynomials with variables pj and pj in
(3.3) and (3.4). Hence, we have that
dim
(
Ker(s4k)/
(
Ker(s4k)∩ KerC
(
Σ2i
)))⊗Q
= dim Ker(s4k)⊗Q− dim
(
Ker(s4k)∩ KerC
(
Σ2i
))⊗Q
= dim(Ker(s4k)+ KerC(Σ2i))⊗Q− dim KerC(Σ2i)⊗Q
= dimΩ4k(G/O)⊗Q− dim KerC
(
Σ2i
)⊗Q
= dimH4k−4i2(G/O;Q)
= dimH4k−4i2(BSO;Q) 1.
For an element [α] ∈Ker(s4k) such that C(Σ2i )([α]) = 0, there exists an element [f :N → P ] ∈ Ωh−eq4k such that
j4k([f :N → P ]) = [α] and that C(Σ2i )([α]) = c(Σ2i , τN − f ∗(τP )) does not vanish by Lemma 3.4. It follows from
Proposition 1.3 that if 4i3 −2i2  4k  4i2, then f is not cobordant in Ωh−eq4k to any C∞ stable homotopy equivalence
of degree 1 and that if 4i3 − 2i2  4k > 4i2, then f is not cobordant in Ωh−eq4k to any homotopy equivalence of finite
codimension and of degree 1. This proves Theorem 4.1. 
We next prove Theorem 0.2.
Proof of Theorems 0.2. If 4i3 − 2i2  4k  4i2 and i  2, then it follows from the proof of Theorem 4.1(i) that
there exists a homotopy equivalence f :N → P of degree 1 between 4k-manifolds such that c(Σ2i , τN − f ∗(τP ))
is not a torsion element. Let f−1 :P → N be a homotopy inverse of f . Define g :N × P → N × P by g(x, y) =
(f−1(y), f (x)). Let 4i3 − 2i2  dimN × P = 8k  8i2 and i  3. If we prove that c(Σ2i , τN×P − g∗(τN×P )) does
not vanish, then, by Proposition 1.3, g is not homotopic to any C∞ stable map nor to any map of finite codimension
since 4i3 − 2i2  8k  8i2 > 4i2. We set ξ = τN×P − g∗(τN×P ) = τN × τP − f ∗(τP )× (f−1)∗(τN). Then
pj (ξ) =
∑
s+t=j
ps(τN × τP )pt
(
f ∗(τP )×
(
f−1
)∗
(τN)
)
=
∑
s+t=j
{ ∑
s1+s2=s
t1+t2=t
ps1(τN)pt1
(
f ∗(τP )
)⊗ ps2(τP )pt2((f−1)∗(τN))
}
modulo torsion in H ∗(N;Z) ⊗ H ∗(P ;Z). The term of pj (ξ) which lies in H 4j (N;Z) ⊗ H 0(P ;Z) is equal modulo
torsion to∑
s+t=j
ps(τN)pt
(
f ∗(τP )
)⊗ 1 = pj (τN − f ∗(τP ))⊗ 1.
Hence, we have that c(Σ2i , τN×P − g∗(τN×P ) is equal to the sum of c(Σ2i , τN − f ∗(τP )) ⊗ 1 and the other term
which lies in
∑i2
j=1 H 4i
2−4j (N;Z) ⊗ H 4j (P ;Z) modulo torsion. Since c(Σ2i , τN − f ∗(τP )) does not vanish, it
follows that c(Σ2i , τN×P − g∗(τN×P )) does not vanish. This completes the proof. 
Unfortunately the author cannot give a very explicit example for Theorems 0.1 and 0.2. However, the theorems
enable us to propose a problem. Given two homotopy equivalent manifolds N and P , find a special homotopy equiva-
lence N → P which has easier singularities than other homotopy equivalences N → P . It will be possible to estimate
how N differs from P by the ‘complexity’ of those singularities of the special homotopy equivalence N → P . For
this purpose we will need some kind of nice classification of singularities in dimension pairs (n,n) which lie outside
the Mather’s nice range.
If N and P are almost parallelizable oriented 4k-manifolds and if there exists a homotopy equivalence f :N → P
of degree 1, then τN is equivalent to f ∗(τP ) by Remark 4.2 below. Then it follows from [3, Theorem 4.8] that f is
homotopic to a smooth map which has only fold singularities. If N is not almost parallelizable, then what kind of
singularities has f ?
2970 Y. Ando / Topology and its Applications 153 (2006) 2962–2970Remark 4.2. If N and P are almost parallelizable closed oriented 4k-manifolds and if there exists a homotopy
equivalence f :N → P of degree 1, then τN is equivalent to f ∗(τP ). The proof is as follows. Let cN :N → BSO and
cf :N → BSO be the classifying map of τN and f ∗(τP ) respectively. Let o(τN) and o(f ∗(τP )) denote the primary
obstructions in H 4k(N;π4k−1(SO)) for τN and f ∗(τP ) to be trivial respectively. They are identified with the primary
obstructions in H 4k(N;π4k(BSO)) under π4k−1(SO) ≈ π4k(BSO) for cN and cf to be homotopic to a constant map
c∗ respectively. By applying [22, 36.6 Theorem] to cN , cf and c∗ we have that the primary difference d(cN, cf ) for
cN and cf to be homotopic is equal to d(cN, c∗) + d(c∗, cf ) = o(τN) − o(f ∗(τP )). It follows from [17, Lemma 2]
that pk(τN) = ak(2k − 1)!o(τN) and pk(f ∗(τP )) = ak(2k − 1)!o(f ∗(τP )), where ak is equal to 2 for k odd and 1 for
k even. Since f is a homotopy equivalence of degree 1, we have σ(N) = σ(P ). On the other hand, we have
σ(N) = Lk
(
p(τN)
)∩ [N ] = mkpk(τN)∩ [N ],
σ (P ) = Lk
(
p(τP )
)∩ [P ]
= Lk
(
p(τP )
)∩ f∗[N ] = f ∗Lk(p(τP ))∩ [N ]
= Lk
(
p
(
f ∗(τP )
))∩ [N ] = mkpk(f ∗(τP ))∩ [N ],
where mk is a nonzero rational number. Hence, we conclude that o(τN) − o(f ∗(τP )) vanishes. This implies that τN
is equivalent to f ∗(τP ).
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